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Rational cohomology of the moduli space of
trigonal curves of genus 5
Angelina Zheng
Abstract
We compute the rational cohomology of the moduli space of trigo-
nal curves of genus 5. We do this by considering their natural embed-
ding in the first Hirzebruch surface and by using Gorinov-Vassiliev’s
method.
1 Introduction
The aim of this work is to compute the cohomology with rational coefficients
of the moduli space of trigonal curves of genus 5. We will consider algebraic
curves defined over the complex field C.
An algebraic curve is said to be trigonal if it is not hyperelliptic and it admits
a g13.
We define the moduli space Tg as the locus of trigonal curves inMg, the mod-
uli space of smooth curves of genus g. For g = 3, 4 the rational cohomology of
Tg can be then deduced from that ofMg, which was computed by Looijenga
in [Loo93] for g = 3, and by Tommasi in [Tom05] for g = 4. In fact, in these
two cases Tg coincides withMg\Hg, where Hg is the moduli space of smooth
hyperelliptic curves of genus g: for g = 3 any non-hyperelliptic curve admits
infinitely many pencils of degree 3, while, for g = 4, any non-hyperelliptic
curve admits either one or two of them. On the other hand, when g ≥ 5 a
non-hyperelliptic curve is not necessarily trigonal and, in particular, T5 rep-
resents the first case where its cohomology cannot be automatically deduced
from that of H5 and M5. In fact, M5 can be decomposed into the disjoint
union of the moduli spaces of hyperelliptic curves H5, of trigonal curves T5,
and the one parametrizing curves that are the complete intersection of three
linearly independent smooth quadric hypersurfaces, which will be denoted
by Q5. Therefore the rational cohomology of T5 represents an advance not
only in the understanding of that of M5, which is unknown, but hopefully
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also of the cohomology of Tg, for any g ≥ 5.
What is known about Tg ∪ Hg until now is due to Stankova, who computed
in [SF97] the rational Picard group of its closure T g ⊆ Mg, i.e. the com-
pactification of Tg ∪ Hg by admissible covers; and to Bolognesi and Vistoli,
who computed in [BV12] the integral Picard group of Tg ∪ Hg. Later, Patel
and Vakil computed its whole rational Chow ring A∗Q(Tg ∪Hg), [PV15].
More recently, for g = 5, Wennink, in [Wen20], counted the number of
points of T5 over a finite field Fq with q points:
|T5(Fq)| = q
11 + q10 − q8 + 1.
By standard comparison theorems, this determines the Euler characteristic
of T5 in K0(HSQ), the Grothendieck group of rational Hodge structures. We
will refine Wennink’s result and compute the rational cohomology of T5 with
its mixed Hodge structures.
Theorem 1.1. The rational cohomology of T5 is
H i(T5;Q) =


Q, i = 0;
Q(−1), i = 2;
Q(−3), i = 5;
Q(−11), i = 12;
0, otherwise;
where Q(−k) denotes the Hodge structure of Tate of weight 2k.
The whole rational cohomology of T5 can also be expressed in terms of
its Hodge-Grothendieck polynomial, defined as
P (T•;Q) :=
∑
i∈Z
[Ti] t
i ∈ K0(HSQ) [t] , (1)
for any Q-graded vector space of mixed Hodge structures T•.
By Theorem 1.1, then
P (T5;Q) = L
11t12 + L3t5 + Lt2 + 1,
where L denotes the class of the Tate Hodge structure Q(−1).
Moreover, since the moduli space Hg, g ≥ 2, has always the rational coho-
mology of a point, we can also prove the following
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Corollary 1.2. The rational cohomology of T5 ∪H5 is
H i(T5 ∪ H5;Q) =


Q, i = 0;
Q(−1), i = 2;
Q(−2), i = 4;
Q(−3), i = 5;
Q(−11), i = 12;
0, otherwise.
Theorem 1.1 and Corollary 1.2 are consistent with the known results
about their cohomology. In particular, the maximal weight class can be
identified with the top weight cohomology class of M5, described by Chan,
Galatius and Payne in [CGP18] and [CGP19]. They proved indeed that the
cohomology H4g−6(Mg;Q) is non zero for g=5 and that, by studying the
dual complex of the boundary divisor in Mg, the top graded piece on the
cohomology of M5 is such that
dimGrW6g−6H
i(M5;Q) =
{
1, i = 14;
0, i 6= 14.
The stratification of M5 as union of affine varieties
T5 ∪H5
closed
→֒ M5
open
←֓ Q5
induces a Gysin exact sequence in Borel-Moore homology
· · · → H¯k(T5 ∪H5;Q)→ H¯k(M5;Q)→ H¯k−1(Q5;Q)→ . . .
Since Q5 is affine, H¯10(M5;Q) = H¯10(T5;Q), and Poincare´ duality gives
H14(M5;Q) = H12(T5;Q).
We also notice that, for lower degrees, the rational cohomology of T5∪H5
coincides with that of M4, so one may wonder if this also happens for any
g ≥ 5.
The proof of Theorem 1.1 relies on Gorinov-Vassiliev’s method. This
method was first used by Vassiliev in [Vas99], then modified by Gorinov in
[Gor05] and finally by Tommasi in [Tom05]. We will use Tommasi’s version
of the method.
The work is organized as follows. In Section 2 we recall some definitions and
classical results. Then we present Gorinov-Vassiliev’s method in Section 3
3
and we apply it in Section 4 in order to prove the main theorem.
Acknowledgements. I am sincerely grateful to my advisor, Orsola Tom-
masi, for guiding me throughout this work and for her precious help.
2 Preliminaries
We recall that any trigonal curve of genus g may be embedded in a Hirzebruch
surface Fn as a divisor of class
C ∼ 3E +
g + 3n+ 2
2
F,
where E is the exceptional divisor and F is any fiber of the ruling Fn → P1.
The integer n is called theMaroni invariant [Mar46] of C and it has to satisfy
g ≡ n mod 2, and 0 ≤ n ≤
g + 2
3
.
The moduli space of trigonal curves of genus g has then a natural stratifica-
tion given by the Maroni invariant:
N⌊ g+2
3
⌋ ⊂ · · · ⊂ N0 = Tg,
where Nn is the closed subscheme of trigonal curves having Maroni invariant
bigger or equal than n.
Thus, for g = 5, this stratification consists of only one stratum and any
trigonal curve lies on the Hirzebruch surface F1, which is the blow up of the
projective plane at one point, as an element of the linear system |3E + 5F |.
Moreover, one can show that there is a one-to-one correspondence between
trigonal curves of genus 5 and projective plane quintics having exactly one
ordinary node or cusp. In fact, given a trigonal curve C, and hence a g13, one
can show that the linear system |K−D|, where D ∈ g13 andK is the canonical
divisor, is a base point free g25. This defines a morphism C → P
2 such that
the image has degree 5, with precisely one singularity of delta invariant 1.
Conversely, a plane projective curve of degree 5 with one singularity that is
a node or a cusp has arithmetic genus 5, and each line through the singular
point meets the curve in other 3 points, counting multiplicity, defining a g13.
2.1 Configuration spaces
We will work mostly with configuration spaces that we will define in this
section. We also recall some results about their Borel-Moore homology with
twisted coefficients that we will use repeatedly.
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Definition 1. Let Z be a topological space,
F (Z, k) := Zk\
⋃
1≤i<j≤k
{(z1, . . . , zk) ∈ Z
k|zi = zj}
is the space of ordered configurations of k points in Z. The quotient by the
natural action of the symmetric group Sk is denoted by B(Z, k) and it is the
space of unordered configurations of k points in Z.
For any subspace Y ⊆ B(Z, k), the local system ±Q over Y is the one
locally isomorphic to Q, that changes its sign under any loop defining an
odd permutation in a configuration from Y.We will denote by H¯•(Y ;±Q) the
Borel-Moore homology of Y with twisted coefficients, or the twisted Borel-
Moore homology of Y, and by P¯ (Y ;±Q) its Hodge-Grothendieck polynomial,
defined as in (1).
When P ∈ P2 and Z = P2\{P}, we will consider the subspaces F˜ (Z, k) ⊆
F (Z, k) and B˜(Z, k) ⊆ B(Z, k) consisting of generic configurations, i.e. con-
figurations of points that are in general position, such that no two points lie
on the same line through P .
We also list some Lemmas that will be fundamental in our next compu-
tations.
Lemma 2.1 ([Vas99]). a. H¯•(B(C
N , k);±Q) is trivial for any N ≥ 1,
k ≥ 2.
b. H¯•(B(P
N , k);±Q) = H•−k(k−1)(G(k,C
N+1);Q), where G(k,CN+1) is
the Grassmann manifold of k-dimensional subspaces in CN+1. In par-
ticular the group H¯•(B(P
N , k);±Q) is trivial if k > N + 1.
Lemma 2.2 ([Tom05]). The Hodge-Grothendieck polynomial of H¯•(B(C
∗, k);±Q)
is tk +L−1tk+1 for any k ≥ 1. If we consider the action of S2 on C∗ induced
by τ 7→ 1
τ
, we have that the Borel-Moore homology classes of even degree are
invariant and those of odd degree are anti-invariant.
Lemma 2.3. The Hodge-Grothendieck polynomial of H¯•(B(P
2\{P}, 2);±Q)
is L−3t6.
H¯•(B(P
2\{P}, k);±Q) is trivial for k ≥ 3.
Proof. P2\{P} can be decomposed into the disjoint union of spaces S1, S2,
isomorphic respectively to C2 and C. Then, to any configuration of points in
B(P2\{P}, k) we can associate an ordered partition (a1, a2), where ai is the
number of points contained in Si. We consider each possible partition of k as
defining a stratum in B(P2\{P}, k), and order each stata by lexicographic
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order of the index of partition. All strata with any ai ≥ 2 have no twisted
Borel-Moore homology by Lemma 2.1.a, so the second part of the Lemma is
proved. When k = 2, the only admissible partition is (1, 1) that is a stratum
isomorphic to C3, hence it has twisted Borel-Moore homology Q(3) in degree
6 and trivial homology in all other degrees.
Lemma 2.4. The Hodge-Grothendieck polynomial of H¯•(F˜ (P
2\{P}, 2);Q)
is L−4t8 + L−3t6.
Proof. Using the definition, one can compute the Hodge-Grothendieck poly-
nomial of H¯•(F (P
2\{P}, 2);Q) that is L−4t8 + 2L−3t6 + L−1t3.
The space F (P2\{P}, 2)\F˜ (P2\{P}, 2) consists of couple of points lying on
the same line through P : it is fibered over (P )∨ ∼= P1 with fiber equal to
F (C, 2).Therefore the Borel-Moore homology of F (P2\{P}, 2)\F˜(P2\{P}, 2)
is Q(3) in degree 6 and Q(1) in degree 3, and by considering the long exact
sequence induced by the short exact sequence
0→ F˜ (P2\{P}, 2)→ F (P2\{P}, 2)→ F (P2\{P}, 2)\F˜ (P2\{P}, 2)→ 0
the lemma is proved.
Lemma 2.5. The Hodge-Grothendieck polynomial of H¯•(F˜ (P
2\{P}, 3);Q)
is L−6t12 + L−5t11 + L−4t9 + L−3t8.
Proof. Similarly to the previous proof, we compute first the Hodge-Grothendieck
polynomial of H¯•(F (P
2\{P}, 3);Q), that is L−6t12 + 3L−5t10 + 5L−3t7 +
L−2t5 + 2L−1t4, and we then consider the complement of F˜ (P2\{P}, 3) in
F (P2\{P}, 3). This space is the union of 3 pieces: the space of triples
lying on the same line not passing through P, the space of triples lying
on the same line through P, and the space consisting of triples where ex-
actly 2 points lie on the same line through P. The Hodge-Grothendieck
polynomials of their Borel-Moore homology are respectively L−5t10 + L−3t7,
L−4t8 + 2L−3t7 + L−2t5 + 2L−1t4 and 3L−5t10 + 3L−3t7.
By computing first the Borel-Moore homology of the union of these three
spaces and then considering the long exact sequence induced by
0→ F˜ (P2\{P}, 3)→ F (P2\{P}, 3)→ F (P2\{P}, 3)\F˜ (P2\{P}, 3)→ 0
we finally get that of F˜ (P2\{P}, 3).
Lemma 2.6. There are isomorphisms
H¯•(B˜(P
2\{P}, 2);±Q)
∼
−→ H¯•(B(P
2\{P}, 2);±Q)
H¯•(B˜(P
2\{P}, 3);±Q)
∼
−→ H¯•(B(P
2\{P}, 3);±Q)
induced by the natural inclusions.
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Proof. As we noticed before, the spaces B(P2\{P}, 2)\B˜(P2\{P}, 2) and
B(P2\{P}, 3)\B˜(P2\{P}, 3) are union of fiber spaces with fibers B(C, 2),
B(C, 3) or B(P1, 3) and by Lemma 2.1 all these fibers have trivial twisted
Borel-Moore homology.
Lemma 2.7 ([Gor05]). Let p : N ′ → N be a finite sheeted covering of man-
ifolds, and let L be a local system of coefficients on N ′. Then H¯•(N ′,L) =
H¯•(N, p(L)), where p(L) denotes the direct image of the system L.
3 Gorinov-Vassiliev’s method
From the previous section, we recall that trigonal curves of genus 5 can be
either described as elements of the linear system |3E + 5F | in the surface
Z = F1, or as projective plane quintics having exactly a node or a cusp. Let
P ∈ P2 be this singular point.
We define V to be the vector space of global sections of OZ(3E+5F ). Then,
V is isomorphic to the vector space of polynomials defining plane curves of
degree 5 having at least a singular point at P.
The space T5 can be represented as the quotient of an open subset of V by the
action of the automorphism group of Z. The open subset we are interested
in, that we will denote by X , is the subset in V defining smooth curves on Z,
i.e. curves meeting the exceptional divisor exactly twice. The complement of
X in V will be denoted by Σ and it is called the discriminant hypersurface.
To compute the cohomology ofX we will use the Gorinov-Vassiliev’s method,
that consists of computing the Borel-Moore homology of the discriminant,
thanks to the Alexander duality:
H˜•(V \Σ;Q) ∼= H•+1(V, V \Σ;Q) ∼= H¯2(N−1−•)(Σ;Q)(−N),
where N is the complex dimension of V.
Following [Tom05, Section 2.1], the Borel-Moore homology of Σ is obtained
by constracting a simplicial resolution σ of Σ, starting from a collection
(Xi)i∈I of families of configurations in Z, satisfying the axioms that are listed
in [Tom05, List 2.3]. Then we define an increasing filtration (Fili)i∈I of σ,
whose associated spectral sequence is proved to converge to the Borel-Moore
homology of the discriminant:
Proposition 3.1 ([Tom05]). The filtration Fili defines a spectral sequence
that converges to the Borel-Moore homology of Σ, whose E1p,q-term is isomor-
phic to H¯p+q(Fp;Q), where Fi := Fili\Fili−1.
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In particular, if V is the vector space of global sections of OZ(3E + 5F )
or equivalently the vector space of polynomial equations of degree 5 whose
zero locus are plane projective curves having at least a node or a cusp at
a fixed point P , the dimension of V is 18.1 To compute the dimension, we
consider a general plane quintic having at least a node or a cusp at the point
that we will blow up: P = [1, 0, 0], that is a curve defined by a polynomial
f ∈ C [x0, x1, x2] having degree ≤ 3 with respect to the variable x0. For any
such curve we can consider a projection with center P : fix a line l not passing
through P , for example l := {[0, y1, y2]}, and take the map sending all points
of the curve distinct from P to the point of intersection between the line
connecting the point to P and l.
The preimage of any point through this map is given by points of the curve
on the same line through P , which has parametric equation
r :


x0 = t0
x1 = t1y1
x2 = t1y2
, [t0, t1] ∈ P
1.
Hence, because any line through P corresponds to a line of the ruling in the
blow up, any curve we want to consider can be embedded in the blow up via
the mapping
[t0, t1y1, t1y2] →֒ [t0, t1y1, t1y2]× [y1, y2]
such that f(t0, t1y1, t1y2) = 0, i.e. it has equation
t21(t
3
0g2(y1, y2) + t
2
0t1g3(y1, y2) + t0t
2
1g4(y1, y2) + t
3
1g5(y1, y2)),
where each gi is a homogeneous polynomial of degree i. Counting the number
of parameters will indeed give 18.
The automorphism group of the homogeneous coordinate ring of BlPP
2 is
the set of automorphisms of the graded ring C [x0, x1, x2] that fix the point
that is blown up, i.e.
G =



∗ ∗ ∗0 ∗ ∗
0 ∗ ∗

 ∈ GL(3,C)

 ⊃ C∗ ×GL(2,C).
Note that ignoring the second and the third term in the first row of each of
the matrices in G means contracting the vector space C [x1, x2]1
∼= C2 to a
1The dimension of the vector space of polynomials defining plane quintics having at
least a singular point is in fact 21− 3 = 18.
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point, therefore G is homotopy equivalent to C∗ ×GL(2,C).
Note also that G contains the normal unipotent subgroup


1 ∗ ∗0 1 ∗
0 0 1

 ∈ GL(3,C)


hence it is not reductive and we cannot construct our moduli space as a quo-
tient by G.
However, we can consider its reductive partC∗×GL(2,C), construct the GIT
quotient X/(C∗×GL(2,C)) and compute its cohomology instead: X/(C∗×
GL(2,C) is the space of isomorphism classes of triples (C,L,H), where C is
a curve of genus g, L is the linear system defining its trigonal structure and
H is the hyperplane section corresponding to the line l not meeting P that
we defined before, hence this is a C2-bundle over T5, in the orbifold sense,
and therefore they have same rational cohomology.
In particular, we will first consider the reductive subgroup {1}×GL(2,C) ⊂
C∗×GL(2,C) and its GIT quotient X/GL(2,C). Then we will compute its
cohomology by using a generalized version of Leray-Hirsch theorem and we
will consider the orbifold C∗-bundle
X/GL(2,C)
C∗
−→ X/(C∗ ×GL(2,C)).
and deduce the cohomology of the base space from the spectral sequence
associated to this bundle.
3.1 Generalized Leray-Hirsch theorem
We want to prove that there exists an isomorphism of gradedQ-vector spaces
with mixed Hodge structures
H•(X/GL(2,C);Q)⊗H•(GL(2,C);Q) ∼= H•(X ;Q).
By [PS03, Th.2] it suffices to prove the surjectivity of the orbit map on
cohomology
ρ∗ : H¯2 dimV−i−1(Σ;Q) ∼= H
i(X ;Q)→ H i(GL(2,C);Q) ∼= H¯2dimM−i−1(D;Q),
where M denotes the space of 2 × 2 matrices and D the discriminant of
GL(2,C) in M.
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We know that the cohomology of GL(2,C) has generators in degrees i =
1, 3, and the generators of H¯•(D;Q) are [D] ∈ H¯6(D;Q) and [R] ∈ H¯4(D;Q),
where we can assume R to be the subvariety of matrices with only zeros in
the first column.
Moreover, from the spectral sequence that will be exhibited in Section 4.7,
H¯34(Σ;Q) = 〈[Σ]〉, and H¯32(Σ;Q) = 〈[Σ1] , [Σ2]〉, where Σ1 is the subspace
in V of polynomials defining curves having a singular point on E, and Σ2 is
the subspace in V of polynomials defining a singularity on a fixed line of the
ruling L.
Let’s consider the extension of the orbit map
D → Σ
and the image of an element in R :
A =
(
0 b
0 d
)
7→ A · f(x0, x1, x2) = f(x0, bx2, dx2) = α(b, c)x
2
2h3(x0, x2),
where α(b, c) is some constant and h3 is the product of 3 lines through the
point [0, 1, 0] . So, elements of R are mapped to polynomials whose zero loci
are the union of a double line of the ruling of fixed equation y2 = 0 and three
lines through a point of the ruling ([t0, t1, 0] , [1, 0]).
Similarly, elements in D are mapped to curves which are the union of any
double line of the ruling and three lines through a point of that ruling.
Hence we can deduce that ρ∗([Σ]) is a non-zero multiple of [D] , while the
preimage of [R] through ρ∗ must be a non-trivial linear combination of
[Σ1] , [Σ2] , proving the surjectivity of the map in cohomology.
4 Application of the method
In this section we want to apply the method introduced in the previous
section. First of all, we produce a list of all the possible configurations of
singularities of genus 5 curves in BlPP
2 meeting the exceptional divisor E
at least twice.
To do so, we recall that we are considering curves in F1 which are elements
of the linear system |3E + 5F |. Since all singularities are obtained as degen-
erations of nodes, we will first consider only such singularities.
Assume that the curve is irreducible: by computing the arithmetic genus we
get an upper bound for the number of singularities. For instance, by the
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genus formula, we have that
g(3E + 5F ) = 1 +
1
2
((3E + 5F )2 + (3E + 5F ) ·K) = 5,
where K is the canonical divisor on F1, so we can have at most 5 ordinary
double points.
Then, we will consider all the possible ways in which the curve can be re-
duced. Here we will have to take into account not only the singularities of
each irreducible component, but also all the intersections between them.
Finally we will consider all the possible degenerations of the singularities
obtained in this way (points can be on the exceptional divisor or points in
general position can become collinear, etc...) and all the subsets of finite
configurations.
For any configuration of singularities, the elements in V which are singu-
lar at least at that configuration form a vector space and we can compute
its codimension in V , that will be written in brackets. By ordering all the
configurations obtained by increasing codimension, and then by increasing
number of points, we will get a list of configurations indexed by (j), and by
defining Xj as the space of configurations of type (j) we will get a sequence
of families of configurations that will satisfy conditions 1-7 in [Tom05, List
2.3].
We report only a shorter version of this list, omitting for instance all configu-
rations containing rational curves since they will give no contribution to the
Borel-Moore homology of the discriminant by [Tom05, Lemmas 2.19, 2.20],
and combining similar configurations that will also give no contribution.
In the following, we denote a configuration of points by general if it is a con-
figuration of points in general position, where no point is contained in E and
no two points lie in the same line of the ruling. Note that we consider a single
point to be ‘general’ also if it belongs to a line of the ruling passing through
a point in E contained in the same configuration (this latter configuration
is contained in the one where the point is in P 2\{P}). We will also use the
following notation:
line of the ruling it is an element in |F |,
i.e. the strict transform of a line in P2 passing through P ;
line it is an element in |E + F |,
i.e. the strict transform of a line in P2 not passing through P ;
conic CP it is an element in |E + 2F |,
i.e. the strict transform of a conic in P2 passing through P ;
conic C it is an element in |2E + 2F |,
i.e. the strict transform of a line in P2 not passing through P.
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1. A point on the exceptional divisor E; [3]
2. A general point; [3]
3. Two points on E; [5]
4. Two (or three) points on a line of the ruling; [6 (7)]
5. A point on E + a general point; [6]
6. Two general points; [6]
7. Three points or more points on E; [6]
8. Two points on E + a general point; [8]
9. A point (that can be either on E, or general) + two (or three) points
on a line of the ruling; [9 (10)]
10. A point on E + two general points;[9]
11. Three (or four) points on a line L; [9 (10)]
12. Three (or resp. four, five) general points; [9 (12, 15)]
13. A point on E + two (or three) points on a line of the ruling F + the
point of intersection between F and E; [9 (10)]
14. Three points on E + a general point; [9]
15. Two points on E + two (or three) points on a line of the ruling; [10 (11)]
16. Two points on E + two (or three) points on a line of the ruling F +
the point of intersection between F and E; [10 (11)]
17. Two points on E + two general points; [11]
18. Three points on E + two (or three) points on a line of the ruling;
[11 (12)]
19. Three points on E + two (or three) points on a line of the ruling F +
the point of intersection between F and E; [11 (12)]
20. Two points on each of two lines of the ruling (or resp. two points on
a ruling and three points on the other one, or three points on each of
the two rulings); [12 (13, 14)]
21. Two general points + two (or three) points on a line of the ruling;
[12 (13)]
22. A point (that can be either on E, or general) + three (or four) points
on a line L; [12 (13)]
23. A point on E + three (or four) general points; [12 (15)]
24. A point on E + two (or three) points on a line of the ruling F+ a
general point; [12 (13)]
25. A point on E + two (or three) points on a line of the ruling F+ a
general point + the point of intersection between F and E; [12 (13)]
26. Three points on E + two general points; [12]
27. Two points on E + three (or four) points on a line L; [14 (15)]
28. Two points on E + three general points; [14]
29. Two points on a line of the ruling F + three points on a line L; [14]
30. Two points on a line of the ruling F + three points on a line L + the
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point of intersection between F and L; [14]
31. Five (or six) points on a conic CP (C); [14 (17)]
32. Two points on each of two lines of the ruling F1, F2 + the intersection
points with E + a point on E; [14]
33. Two points on each of two lines + the point of intersection; [15]
34. Two points on each of two lines of the ruling (or two points on a ruling
and three on the other one) + a general point; [15 (16)]
35. A point on E + two general points + two or more points on a line of
the ruling; [15]
36. Three general points + two (or three) points on a line of the ruling;
[15 (16)]
37. A point on E + a general point + three (or four) points on a line;
[15 (16)]
38. Two general points + three (or four) points on a line; [15 (16)]
39. Three points on E + three (or four) points on a line; [15 (16)]
40. Three points on E + three general points; [15]
41. Two points on E + two general points + two points on a line of the
ruling F+ the point of intersection between E and F ; [16]
42. Five points on a conic CP + a general point; [17]
43. Three points on E + four points on a conic CP ; [17]
44. Two points on a ruling F + three points on a line L + the intersection
point between F and L + a general point; [17]
45. Three points on each of two rulings + a general point; [17]
46. Three points on each of two lines + the point of intersection; [17]
47. 7 points: three points of intersection between two conics CP and C
′
P ,
one of which on E + four points of intersection with a line; [17]
48. 7 points: three points of intersection between two conics CP and C
′
P ,
none of which on E + four points of intersection with a line; [17]
49. 7 points: four points of intersection between two conics C, CP+ three
points of intersection with a line of the ruling; [17]
50. 8 points: a point on E + two points on each of two rulings F1, F2 +
the points of intersection between F1 and E, and F2 and E + a general
point; [17]
51. 8 points: two points on E + three points on a line L + the intersection
points of a line of the ruling F with E and L + another point on F ;
[17]
52. 8 points: three points of intersection of two conics CP and C
′
P , each
meeting a line of the ruling F and E at one point + the point of
intersection between F and E; [17]
53. 8 points: two points of intersection between two lines of the ruling F1,
F2 and a line L + 6 points of intersection with a conic C meeting each
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line at two distinct points; [17]
54. 8 points: three points of intersection between a line of the ruling F and
two lines L1, L2 + five points of intersection with a conic CP meeting
each line twice and F only once, outside E; [17]
55. 8 points: three points of intersection between a line of the ruling F and
two lines L1, L2 + five points of intersection with a conic CP meeting
each line twice and F at the intersection point with E; [17]
56. 9 points: four points of intersection between E, two lines of the ruling
F1, F2 and a line L + five points of intersection with a conic CP meeting
L twice and E, F1, F2 once; [17]
57. 9 points: three points of intersection between E and three lines of the
ruling F1, F2, F3 + 6 points of intersection with a conic C meeting each
Fi at two distinct points; [17]
58. 9 points: the points of intersection between two lines of the ruling and
three general lines; [17]
59. 10 points: the points of intersection between E, three lines of the ruling
and two lines; [17]
60. The whole BlPP
2. [18]
Since simplicial bundles are non orientable, we will consider the Borel-
Moore homology with coefficients in the local system ±Q.
We also recall from Lemmas 2.1 and 2.3 that configurations with at least
three points on a rational curve, configurations with at least two points on a
rational curve minus a point, and configurations with at least three general
points give no contribution. Thus, among the first 41 configurations, only
the following have non-trivial Borel-Moore homology:
(A) A point on E. [3]
(B) A general point. [3]
(C) Two points on E. [5]
(D) A point on E + a general point. [6]
(E) Two general points. [6]
(F) One general point + two points on E. [8]
(G) Two general points + one point on E. [9]
(H) Two general points + two points on E. [11]
We will also prove in Appendix A that there are only other four configu-
rations having non-trivial Borel-Moore homology:
(I) 7 points: config. 47; [17]
(J) 7 points: config. 48; [17]
(L) 8 points: config. 55; [17]
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(M) Whole BlPP
2. [18]
Since we are studying singular configurations of curves that are equivalent
to plane projective quintics having at least one singularity, we can deduce
their Borel-Moore homology by considering their equivalent description in
the projective plane, by fixing a point P that is the one that, when blown-
up, will give us the corresponding curve in F1.
Note that, the configuration spaces that we will consider in the following are
empty unless they are defined as the singular loci of the plane quintics that
will be described.
4.1 Columns (A)-(H)
By applying [Gor05, Th. 2.8], we get the following results.
The space FA is a C
15-bundle over XA ∼= P1.
The space FB is a C
15-bundle over XB ∼= P2\{pt}.
The space FC is a C
13 × ∆˚1-bundle over XC ∼= B(P1, 2).
The space FD is a C
12 × ∆˚1-bundle over XD ∼= P1 ×P2\{pt}.
The space FE is a C
12 × ∆˚1-bundle over XE ∼= B(P2\{pt}, 2).
The space FF is a C
10 × ∆˚2-bundle over XF ∼= P2\{pt} × B(P1, 2).
The space FG is a C
9 × ∆˚2-bundle over XG ∼= B(P2\{pt}, 2)×P1.
The space FH is a C
7 × ∆˚3-bundle over XH ∼= B(P
2\{pt}, 2)×B(P1, 2).
4.2 Column (I)+(J)
Each configuration in XI is defined as the singular loci of the blow up at
P of a plane quintic defined by two reduced conics tangent at P and a line
meeting the conics at four distinct points, as in Figure 1.
P
AB
S1 R1
R2 S2
Figure 1: configuration of type (I)
15
On the other hand, configurations of type (J) arise from blowing up P,
where P is now one of the four points of intersection between two reduced
conics that, together with a line not meeting the conics at any of the points
of intersection, define the plane projective quintic curve in Figure 2.
BA
CP
R2 S2
R1S1
Figure 2: configuration of type (J)
By noticing that the configuration space XI is contained in the closure of
XJ (by allowing one of the points A,B,C to lie on the exceptional divisor E
of F1) we can consider a bigger configuration space containing both of them,
which we will denote by XI+J .
XI+J is the space of configurations of 7 singular points A,B,C,R1, R2, S1, S2,
such that A,B,C are points that are in general position, also with respect
to P , where only one of them is allowed to lie on E coincide with P, and
R1, R2, S1, S2 are four distinct points of intersection between two distinct
reduced conics passing through A,B,C, P and a line l not passing through
any of these points.
We can fiber XI+J over the space parametrizing the points A,B,C and the
choice of the line:
XI+J → B := {({A,B,C}, l) : A,B,C, l as in the description above}.
The fiber of this map, which we denote by Z, will then be the space of
pairs of conics passing through the four points and not tangential to the line.
Note that Z is exactly the same fiber space considered in [Gor05, Section
4.2] in Column 38.
As both conics have to satisfy 4 linear independent conditions (that consist
either in the passage through 4 distinct points or 3 points plus the tangency
condition), each of them is uniquely determined by a point on the line l, and
we will denote these points by S1, R1 as in the figures. Recall that there are
exactly two conics in the pencil with base locus A+B+C+P that are tangent
to l. Let T1, T2 be the points of intersection between l and the two tangent
conics. Any other conic will meet l at two distinct points. Exchanging these
16
two intersection points defines an involution on l ∼= P1 that fixes T1, T2, and
by choosing an appropriate coordinate system we can assume that T1 = [1, 0],
T2 = [0, 1] and this involution will be [1, t] 7→ [1,−t] .
Therefore we can set S1 = [1, t], S2 = [1,−t], R1 = [1, s], R2 = [1,−s] and the
space Z parametrizing the two conics of the configuration will be a quotient
of
(t, s) ∈ Z˜ := C2\({t = 0} ∪ {s = 0} ∪ {s = t} ∪ {s = −t}).
We note that {t = 0} ∪ {s = 0} ∪ {s = t} ∪ {s = −t} is the disjoint union of
four copies of C∗ and one point, so we have that the Borel-Moore homology
of Z˜ is H¯4(Z˜) = Q(2), H¯3(Z˜) = 4Q(1), H¯2(Z˜) = 3Q and H¯q(Z˜) = 0 for all
q ≤ 0 or q ≥ 5.
To get the Borel-Moore homology of Z, we need to consider first the
following involutions of Z˜ :
i : (t, s) 7→ (s, t) exchanges the two points S1 and R1, hence the two conics;
j : (t, s) 7→ (1
t
, 1
s
) exchanges 0 and ∞, therefore it acts as the involution
on l that exchanges the two tangency points;
k : (t, s) 7→ (t,−s) exchanges R1 with R2. (Note that k has the same
action on homology as k′ : (t, s) 7→ (−t, s) so we can consider only one
of them).
By studying the action of i, j, k on the stratification of C2\Z˜ into four
copies of C∗ and a point, we obtain
Lemma 4.1. The action of i, j, k on the Borel-Moore homology classes of Z˜
is as given in Table 1.
Table 1:
i j k
degree 4 + + +
degree 3 + + +
+ + −
+ − +
− − +
degree 2 + − +
+ − −
− + +
Recall that by exchanging the two conics we are actually exchanging the
points R1 with S1, and R2 with S2. So, we have to consider the invariant
classes with respect to the involution i. On the other hand, if we exchange
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R1 with R2, the two conics are not necessarily swapped. So, we also require
the classes to be anti-invariant with respect to the action of k.
Thus, we get the Borel-Moore homology of Z and the spectral sequence
of the bundle XI+J → B will have two rows:
in degree 3: defined by the Borel-Moore homology of B with constant
coefficients;
in degree 2: defined by the Borel-Moore homology of B with non-
constant coefficients J .
To compute the Borel-Moore homology of the base space B, we consider
a covering B˜, where the points A,B,C are ordered. Thus, there is a natural
action of the symmetric group S3 on B˜ and we can recover the Borel-Moore
homology of B by taking the S3- anti-invariant classes of the Borel-Moore
homology of B˜.
H¯•(B˜;Q) : Note that B˜ can be thought of as a fiber space over the space parametriz-
ing three lines through P, and the line l, not passing through P, that is
F (P1, 3)×C2. Denote by rA, rB, rC the three lines containing the points
A,B,C, respectively, After an appropriate change of coordinates, we
may assume
rA : x2 = 0, rB : x1 = 0, rC : x1 − x2 = 0, l : x = 0.
Then, the fiber of B˜ over (rA, rB, rC, l) is the space parametrizing the
points A,B,C and can be identified with a subset in C3: the point
(u, v, w) ∈ C3 corresponds to the choices
A = [1, u, 0] , B = [1, 0, v] , C = [1, w, w] .
We need then to remove the locus where the three points are collinear,
which is a quadric cone of equation uw + vw − uv = 0.
Thus, H¯•(B˜;Q) is invariant with respect to the involution u ↔ v,
and by noticing that this involution corresponds to the exchange of a
couple of points among A,B,C, it is also invariant with respect to the
S3-action.
H¯•(B˜;J ) : In order to compute the Borel-Moore homology of B˜ with non-constant
coefficients, we will consider the subsets
B˜J
open
⊆ B˜ and B˜I
closed
⊆ B˜,
where
B˜J = {((A,B,C), l) ∈ B˜|A,B,C 6= P}
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defines configurations of type (J), and
B˜I = {((A,B,C), l) ∈ B˜| one of A,B,C is equal to P}
defines those of type (I).
By projecting onto the triples (A,B,C),
B˜J
YJ−→ {(A,B,C)|P /∈ AB,BC,AC;A,B,C not collinear},
where YJ ∼= P2\{four lines in general position}, and by studying the
preimage of YJ in the double cover of P
2 ramified along four lines we no-
tice that there is one only class in its Borel-Moore homology with non-
constant coefficients, that is Q(1) in degree 2, and it is S3-invariant.
Similarly,
B˜I
YI−→ {(A,B,C)| one of A,B,C belongs to E},
where YI ∼= P
2\{three lines in general position, one with mult. 2}.
Here, because of the double component, the covering is not normal, and
its normalization is the double cover of P2, ramified over the two simple
lines. The fiber YI and its double cover have the same homology with
rational coefficients, thus the Borel-Moore homology with non-constant
coefficients is trivial.
Finally, by considering the Gysin exact sequence associated to inclu-
sions
B˜I
closed
→֒ B˜
open
←֓ B˜J
we get that H¯•(B˜;J ) also has no S3-anti-invariant classes.
Since both homologies have only S3-invariant classes, the Borel-Moore ho-
mology of B, both with constant and non-constant coefficients, will be trivial.
Therefore we can conclude that the whole configuration space, and conse-
quently FI+J , has trivial Borel-Moore homologies.
4.3 Column (L)
Configurations of type (L) are the singular loci of the blow up at the fixed
point P of a conic tangent to a line at P and two other lines in the projective
plane. Note that we can assume that the conic is irreducible, since we have
already considered the reducible case that is config 76. If we define the space
of configurations of the same type with the only exception that we let P
free in P2 : L := {(P, f) ∈ P2 × Σ|f has a node in P and its singular points
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define a configuration of type L}, where dimL = 20, then we can consider
the space XL as the fiber of the bundle
L → P2
(P, f) 7→ P.
Let’s consider such a configuration: in the projective plane, this is defined by
the point P , and the intersection point of a conic C through P , its tangent at
P , and 2 general lines r, s, not meeting at P or any other point of the conic.
We denote by Ei, i = 1, . . . , 4 the four points of intersection of the two lines
and the conic, and A,B the intersection points with the tangent line to the
conic and we label the points as in the following figure.
M P
B
A
E1 E3
E4 E2
s
r
Figure 3: configuration of type (L)
Up to projective transformations, we may assume the Ei to be the pro-
jective frame of P2 : E1 = [1, 0, 0] , E2 = [0, 1, 0] , E3 = [0, 0, 1] , and
E4 = [1, 1, 1] . Then we can consider another fiber bundle
L
PGL(3)
−−−−→ Y,
where Y := {(P,A,B)|P ∈ P2\
⋃
EiEj ; {A,B} = TPC ∩ (r ∪ s)}.
Note that, once we have fixed the points P,Ei, i = 1, . . . , 4 and hence the
lines r, s and the conic, the points A,B are uniquely determined. Thus, Y is
isomorphic to the space P2\
⋃
EiEj , that is isomorphic to the moduli space
M0,5 of genus 0 curves with 5 marked points, since, for n ≥ 3,
M0,n = {(t0, . . . , tn−3) ∈ (P
1)n−3|ti 6= 0, 1,∞, and ti 6= tj}.
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By the equivariant Hodge Euler characteristic of M0,5 that is computed in
[Get95], we have that the Borel-Moore homology ofM0,5 is generated by the
following classes:
Q(2)⊗ S5 in degree 4;
Q(1)⊗ S3,2 in degree 3;
Q⊗ S3,12 in degree 2;
where by − ⊗ Sλ we mean that we are considering the local system of co-
efficient corresponding to the irreducible representation of S5, associated to
the partition λ of 5.
On Y there is a natural action of the dihedral group D4, that is the group
of symmetries of a square, defined by the points Ei, so, when computing
its Borel-Moore homology, we need to consider local systems of coefficients
defined by the action of D4, that can be embedded in the symmetric group
S4 by sending each symmetry to the corresponding permutation of vertices.
Restricting to S4, we get the following representations:
S5 → S4
S3,2 → S3,1 ⊕ S2,2 (2)
S3,12 → S3,1 ⊕ S2,12 .
We then consider the character table of D4, plus the lines of the character
table of S4 corresponding to the irreducible representations in (2), that can
be found in [Ser77]:
e (12)(34) (1324) (12) (13)(24)
ψ1 1 1 1 1 1
ψ2 1 1 1 -1 -1
ψ3 1 1 -1 1 -1
ψ4 1 1 -1 -1 1
χ 2 -2 0 0 0
S4 1 1 1 1 1 =ψ1
S3,1 3 -1 -1 1 -1 =χ+ ρ2
S2,2 2 2 0 0 2 =ψ1 + ρ3
S2,12 3 -1 1 -1 -1 =χ+ ρ1
Hence we can write the Borel-Moore homology groups of M0,5 as D4-
representations:
Q(2)⊗ ψ1 in degree 4;
Q(1)⊗ (ψ1 + ρ2 + ρ3 + χ) in degree 3;
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Q⊗ (ρ1 + ρ2 + χ⊕2) in degree 2.
and we only need to consider the term involving the representation that
corresponds to a local system of coefficients obtained by the restriction of
±Q on π1(B(P2, 8)) = S8 to the fundamental group of our configuration
space, represented in Figure 3. As we noticed before, the latter group is
D4 ⊂ S8 since it has to fix the points P,M and the points A,B are uniquely
determined by the choice of the points Ei, whose permutations define the
symmetric groupS4 ⊂ S8. Because we also require E1, E2 ∈ r and E3, E4 ∈ s
we get indeed D4. So the local system we are looking for is the restriction of
the sign representation of S8 to D4 whose trace can be computed as follows.
e: Clearly the identity will be mapped to +1;
(12)(34): the element (12)(34) acts by exchanging the two points on each of the
two lines: E1 ↔ E2, E3 ↔ E4 and thus will give a +1;
(1324) : the element (1324) corresponds to a rotation by π/2 of the Ei that is
an odd permutation of the Ei, but it also interchanges the two lines
and hence the points A,B, giving a +1;
(12) : the element (12) is the transposition of two points on the same line,
moving no other point, so it will be mapped to -1;
(13)(24) : finally, the element (13)(24) corresponds to the symmetry with respect
to the dashed line, that is an even permutation. This interchanges
again the two lines, and hence A,B, giving -1.
By comparing this to the character table of D4, we get that the local system
we want to consider is the one defined by the representation ψ2, that we will
denote by W . Hence the Borel-Moore homology of Y with coefficients in
W is Q in degree 2, and we can compute the Borel-Moore homology of L
just by tensoring with the one of PGL(3), that we can compute by duality
from its cohomology: H¯16(PGL(3,Q)) = Q(8), H¯13(PGL(3,Q)) = Q(6),
H¯11(PGL(3,Q)) = Q(5) and H¯8(PGL(3,Q)) = Q(3).
Therefore, H¯18(L;Q) = Q(8), H¯15(L;Q) = Q(6), H¯13(L;Q) = Q(5), H¯10(L;Q) =
Q(3), and it is zero in all the others degree.
Finally we compute the Borel-Moore homology of XL from the fibration
L → P2.
Since P2 is simply connected, there is a first quadrant spectral sequence
E2p,q = H¯
p(P2)⊗ H¯q(XL)⇒ H¯
p+q(L;Q),
22
14 Q(6) Q(7) Q(8)
13 Q(5) Q(6) Q(7)
12
11 Q(4) Q(5) Q(6)
10 Q(3) Q(4) Q(5)
9
0 1 2 3 4
where the differentials d22,10, d
2
4,10, d
2
2,13, d
2
4,13 must be all isomorphisms in
order to obtain the Borel-Moore homology of the total space that we com-
puted above. Therefore, since the space FL is a C × ∆˚7-bundle over XL,
the Hodge-Grothendieck polynomial of H¯•(FL;Q) must be L
−7t23+L−6t22+
L−5t20 + L−4t19.
4.4 Column (M)
As a consequence of [Gor05, Lemma 2.10], FM is an open cone and its Borel-
Moore homology can be obtained from the spectral sequence in Table 2,
whose columns coincide with those of the main spectral sequence, shifted by
twice the dimension of the complex vector bundle that defines each column.
Table 2:
12 Q(6)
11 Q(5)
10
9 Q(4)
8 Q(3)
7
6
5
4
3 Q(3) Q(4) Q(4)
2 Q(2) Q(3) Q(3)
1 Q(1) Q(2)2 Q(3)
0 Q(1) Q(1) Q(2)
-1 Q Q(1)
A B C D E F G H L
We recall that H•(V \Σ) ∼= H¯35−•(Σ) and V \Σ is affine of dimension 18.
Hence, for dimensional reasons, the differential d1H,3 : E
1
H,3 → E
1
G,3 is non-
trivial, and in the second page of the spectral sequence all differentials in the
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columns (A)− (G) are isomorphisms.
We can then conclude that the Hodge-Grothendieck polynomial of H¯•(FM ,Q)
is L−6t22 + L−5t21 + L−4t19 + L−3t18.
4.5 Spectral sequence
The first page of the spectral sequence converging to H¯•(Σ,Q) is given in
Table 3.
Table 3:
32 Q(17)
31 Q(16)
30 Q(16)
29 Q(15)
28
27 Q(15)
26 Q(14) Q(15)
25 Q(14)2
24
23 Q(13)
22 Q(13)
21 Q(13)
20 Q(12)
19 Q(12)
18
17 Q(11)
16
15
14 Q(7)
13 Q(6)
12 Q(6)
11 Q(5) Q(5)
10 Q(4)
9 Q(4)
8 Q(3)
A B C D E F G H L M
Following from Section 3.1, the cohomology of X must contain a copy of
the cohomology of GL(2,C). Applying then the isomorphism induced by the
cap product with the fundamental class of the discriminant
H˜•(X ;Q) ∼= H¯35−•(Σ;Q)(−d)
we compute the whole cohomology of X and that of X/GL(2,C), whose
Hodge-Grothendieck polynomial is L12t13 + L11t12 + L4t6 + L3t5 + L2t3 + 1.
We finally consider the fibration
X/GL(2,C)→ X/(C∗ ×GL(2,C)).
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There is a first quadrant cohomology spectral sequence starting with E2 and
converging to H•(X/GL(2,C);Q):
Ep,q2 = H
p(X/(C∗ ×GL(2,C));Hq(C∗;Q))⇒ Hp+q(X/GL(2,C);Q)
and, because we know the cohomology of the total space and of the fibre, we
can compute the cohomology of the base space from the second page of the
spectral sequence represented in Table 4,
Table 4:
1 Q(−1) Q(−2) Q(−4) Q(−12)
0 Q Q(−1) Q(−3) Q(−11)
0 1 2 3 4 5 6 7 8 9 10 11 12
where the differential d0,12 : E
0,1
2 → E
2,0
2 must be non-trivial since the term
Q(−1) is not appearing in the cohomology of X/GL(2,C). So, the Hodge-
Grothendieck polynomial of the cohomology of the base space, and hence of
the moduli space of trigonal curve of genus 5, is L11t12 + L3t5 + Lt2 + 1.
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A Trivial Configurations
As we promised in the computation of the spectral sequences outlined in Ta-
ble 2 and Table 3, we now consider the remaining configurations and prove
that they have trivial twisted Borel-Moore homology.
A.1 Configurations (42)-(43)
Both these configurations are equivalent to the configurations of singularities
of a plane quintic that is the union of a conic and a singular cubic. To be
more precise, in the first configuration, the two curves meet each other at 6
distinct points and P is any of the points of intersection, while in the second
configuration they intersect at the singular point of the cubic, that is P.
P
P
Both configuration spaces can be fibered over the space of conics through
P. If we denote the conic by C, the fibers will be respectively equal to
B(C\{P}, 5) and B(C\{P}, 4), which both have trivial twisted Borel-More
homology by Lemma 2.1.
A.2 Configurations (44)-(45)-(46)
These configurations are all obtained by blowing up a singular point in the
configuration of type 37 in [Gor05], defined by the intersection points of two
lines and a cubic curve in P2 having one singular point. To be more precise,
configurations of these types correspond to the blow up at P , where P has
to be an ordinary double point: it is first defined as the point of intersection
between a line and the cubic, then as the point of intersection between the
two lines, and finally as the singular point of the cubic. Note that, in the
first two configuration spaces, the cubic need not to be irreducible: it can
decompose into three concurrent lines or into the union of a conic and a line
tangent to it. However, this cannot happen for configuration (46), otherwise
P would not be a double ordinary singularity. The two reducible cases define
configurations (59) and (55), respectively. Configuration (55) was already
considered as configuration (L), while configuration (59) will be considered
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later.
r
s
P
r
s
P
r
s
P
Configuration spaces of type (44), (45), (46) can then all be fibered over
the space parametrizing the two lines r, s, with fibers isomorphic to the quo-
tient of B(C∗, 2) × B(C, 3), B(C, 3) × B(C, 3) and B(C, 3) × B(C, 3), re-
spectively, by the involution given by exchanging the two lines. Because the
fibers have all trivial twisted Borel-Moore homology, the homology of the
configuration spaces will be trivial as well.
A.3 Configuration (49)
Configurations of type (49) are obtained by the same plane curve considered
in those of type (J), where P is defined as the point of intersection of a conic
and a line.
BA
CD
P
Q
Then XK can be fibered over B˜(P
2\{P}, 4) ∋ {A,B,C,D}. Once these
points are fixed, we notice that the conic C passing also through P is uniquely
determined. Therefore the fiber Y is itself a fiber bundle over L ∼= P1\{5 points},
the space of lines not passing through any of the points A,B,C,D and not
tangent to C with fiber Z defined as the space of conics not tangent to l ∈ L
and different from C.
Z is isomorphic to P1\{0, 1,∞} ∼= C\{0, 1}, and thus, since determining a
conic in Z is equivalent to choosing a point in l that is different to P,Q and
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the 2 points of tangency T1, T2 in l, H¯•(Z,±Q) is Q = [T1 − T2] in degree
1 and 0 in all other degrees. Note also that, when moving l around A, for
instance, the points of tangency in l are swapped. Therefore π1(L) acts on
[T1 − T2] anti-invariantly and the Borel-Moore homology of the fiber Y is
defined by that of L with non-trivial coefficient system:
H¯•(L; H¯1(Z)) = Q, in degree 0.
Finally, we notice that, because we are considering a local system on L that
changes its sign under the action of any loop in P1 around any point removed,
then any γ ∈ B˜(P2\{P}, 4) transposing a pair of points must act on the fiber
as the multiplication by -1. Therefore the local system induced by the fiber on
B˜(P2\{P}, 4) is ±Q and by Lemma 2.3 the twisted Borel-Moore homology
of XK will be trivial.
A.4 Configurations (50)-(51)
In all these configuration spaces P has to be a triple point. More precisely,
they are the defined by blowing up the following curves at P.
P P
We can fiber the spaces over the space parametrizing the pairs of lines.
The fiber spaces will be then isomorphic to a quotient of B(C, 2)× B(C, 2)
and C∗ × B(C, 3), respectively, and they both have trivial twisted Borel-
Moore homology.
A.5 Configuration (52)
As above, P must be again a triple point. In particular, configurations of
type (52) are defined by two distinct conics meeting at P and three addi-
tional points A,B,C, and a line l through P, not meeting any of A,B,C.
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P A
C B
Then, the configuration space can be fiber over the space B˜(P2\{P}, 3)×
(P1\{3 points}) ∋ {({A,B,C}, l)}, parametrizing the intersection points be-
tween the two conics and the choices for the line l. Once we have fixed l, two
points on it will uniquely determine the two conics. Hence, the fiber space
will be B(C, 2) whose Borel-Moore homology will be considered with con-
stant coefficient because, when we exchange the two conics we are actually
exchanging 2 couples of points in the configuration space: the two points
lying on the line, and the two points of intersection between the exceptional
divisor and the strict transforms of the two conics. On the other hand, there
is a natural action of S3 on the base space, and by noticing that both factors
have no S3-anti-invariant classes in their homologies
2 the total space will
have trivial twisted Borel-Moore homology.
A.6 Configurations (53)-(54)
These configurations are obtained by blowing up respectively a point of in-
tersection between two lines and a point of intersection between a line and a
conic in the set of singular points in P2 defined by 3 points A,B,C in general
position + 6 points of intersection between the three lines AB,BC,AC and
a conic not tangential to the lines, that is config. 39 in [Gor05].
P
BC
P = A
C B
A
2For the factor B˜(P2\{P}, 3) this follows by Lemma 2.3. While for the second factor,
this can be deduced by computing the Borel-Moore homology of P1\{3 points} in terms
of S3- representations, that is S3(1) in degree 2 and S2,1 in degree 1.
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As in [Gor05], we want to fiber both the configuration spaces over the
spaces parametrizing the points of intersection between the three lines.
When we choose P as one of these points, e.g. A, the total space will be
fibered over B(P2\{P}, 2) instead of B(P2, 3).
On the other hand, when P is the intersection point between the conic and a
line, the configuration space is fibered over a quotient of B(P2\{P}, 2)×C∗ ∋
({B,C}, A).
The fiber space, denoted by Y in [Gor05], will be in both cases the same, i.e.
a fiber bundle over B(C∗, 2)× B(C∗, 2), the configuration space of 2 points
on each of AB,BC, excluding A,B,C. Therefore it will have the same Borel-
Moore homology, that is Q in degree 5, Q(1)2 in degree 6 and Q(2) in degree
7, but we will have to consider the action of the fundamental group of the
new base space that is either B(P2\{P}, 2), or it contains it as a factor of a
product. The fundamental group will then be the restriction of the symmetric
group S3 to {B,C}: S2.
Thus, we only need to consider local systems of coefficients corresponding to
the restrictions of the representations of S3: trivial and sign representation
will restrict respectively to trivial and sign representation on S2, while the
2-dimensional irreducible representation restricts to the direct sum of the
trivial and sign representation. We have that P¯ (B(P2\{P}, 2),Q) = L−4t8
and P¯ (B(P2\{P}, 2),±Q) = L−3t6, so we will get a similar E2−term of
the spectral sequence, with the only difference that the action of S2 on
H¯6(Y ;±Q) = Q(1)2 now must be reducible:
7 Q(5)
6 Q(4) Q(5)
5 Q(4)
6 7 8 9 10
and the differentials d28,5 : E
2
8,5 → E
2
6,6, d
2
8,6 : E
2
8,6 → E
2
6,7 must be isomor-
phisms since both E25,8, E
2
6,6 are generated by H¯6(B(P
2\{P}, 2),±Q) and
both E26,8, E
2
7,6 are generated by H¯8(B(P
2\{P}, 2),Q).
Therefore, also these configuration spaces have trivial twisted Borel-Moore
homology.
A.7 Configuration (56)-(57)
As configurations of type (50),(51) and (52), here P is also a triple point,
but we have one additional singular point. In these two cases, we obtain the
configurations of singularities by blowing up the following curves at P.
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Consider first configurations of type (56). Similarly to configurations (53),
(54), we fiber the space over the points of intersection between the lines, that
is B˜(P2\{P}, 2). These two points, together with P, uniquely determine the
three lines, and the 4 points left defining the configuration, together with
P , will uniquely determine the conic. The fiber space is then isomorphic to
the quotient of C∗ × C∗ × B(C∗, 2) by the involution exchanging the first
two factors, thus it has twisted Borel-Moore homology equal to Q in degree
4 and Q(1) in degree 5. The fundamental group of the base space, acts by
exchanging the two points, and thus induces an S2-action on the line not
passing through P that is the one described in Lemma 2.2. Therefore, the
Borel-Moore homology class in degree 5 must be anti-invariant under such
action, while the class in degree 4 will be invariant and by applying Lemmas
2.3, 2.4 and 2.6 we have that the second page of the spectral sequence must
have the following form:
5 Q(4)
4 Q(4)
6 7 8
where the differential will be an isomorphism.
On the other hand, we can fiber the second configuration space over the
space parametrizing the three lines through P. It suffices to fix 5 points
on those lines to determine the conic, therefore the fiber space will be a
quotient of B(C, 2)×B(C, 2)×C, so this configuration space will also give
no contribution to the Borel-Moore homology of the discriminant.
A.8 Configurations (58)-(59)
These configuration spaces are both defined by 5 lines in the projective plane.
The first is obtained by blowing up any of the singular points of 5 lines in
general position, while the second one is obtained by blowing up the point
of intersection of three concurrent lines, in a plane quintic define by those
lines and two additional lines meeting at a point outside the three concurrent
lines.
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PP
We can fiber both configuration spaces over the set of lines meeting at P,
thus:
X(58) → B(P
1, 2) and X(59) → B(P
1, 3),
the fiber space will then be the space of the remaining lines defining the
configuration that are, respectively, B(C2, 3) and B(C2, 2) by duality, and
both have trivial twisted Borel-Moore homology by Lemma 2.1.
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